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A theoretical and experimental investigation has been made on diffraction of X-rays from crystalline 
powders in which the diffracted power is modified by the powder coarseness and absorption inhomo- 
geneities in the sample. Compared with previous theories, the present theory is more extensive 
and has been found to fit the experimental data  better. The magnitude of the diffracted power is 
related theoretically to particle diameter, linear absorption coefficient, degree of compaction of 
the powder, crystal size, pr imary extinction coefficient, crystal-chemical composition and grain 
size for polyphased particles. I t  is shown theoretically and experimentally tha t  these variables can 
cause the diffracted power to be significantly different from that  for an ideal case. For a powder of 
a single substance (iron), excellent agreement between theory and experiment has been obtained 
for the effects due to particle size, absorption coeffieient and degree of compaction. Theoretical 
predictions of diffracted power from an iron-tungsten mixture have been substantiated experi- 
mentally. Measurements on heat-treated iron samples show that  the diffracted power decreases with 
increasing crystal size, and indicate that  the equation for this effect might be useful in determining 
crystal sizes in the range 10 -5 to 10 -8 cm. 

I n t r o d u c t i o n  

I t  has been pointed out by  a number  of invest igators  
t h a t  in tegra ted intensities in powder X - r a y  diffraction 
pa t te rns  can be modified by  the  s ta te  of subdivision of 
the  sample material .  I l lustrat ions of these effects due 
to crystal  and particle size are shown in the X - r a y  
spectrometer  traces (Figs. 1 and  2). The decrease in 
diffracted power for the  hea t - t rea ted  samples  (Fig. 1) 
can be explained qual i ta t ively  on the  basis t h a t  the  
crystals  have  grown large enough for p r imary  ex- 
t inction (Darwin, 1914; Compton & Allison, 1946, 
chap. 6) to become noticeable, and t h a t  this effect is 
more prominent  with increasing crystal  size resulting 
from increasing severi ty of heat  t r ea tment .  In  Fig. 2 
the  integrated intensities are smaller for the  coarser 
powders t han  for the fine powder or the solid block. This 
behavior  can be qual i ta t ively explained by  the entrap-  
ment  of X-rays  in the  crevices between the  particles as 
i l lustrated in Fig. 3. An exact  general theory  to account  
quant i ta t ive ly  for these and related effects has not  been 
set forth,  pr imar i ly  because of the  inherent  complexi ty  
of the  problem. On the  other  hand,  theories of too 
l imited scope have proved to be generally unsatis- 
fac tory  and have  resulted in placing the  problem in a 
somewhat  controversial s tatus.  In  one of his papers,  
Brindley (1945), af ter  critically reviewing the works of 
Rusterholz (1931), Sch£fer (1933), Brentano (1935, 
1938), and Taylor  (1944a, b), concludes t h a t  there is 
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lack of agreement  on several aspects of the  problem 
and proceeds to develop a new theory  for the  diffraction 
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Fig. 1. X-ray spectrometer traces of the (110) line of iron, 
illustrating the effect of crystal size on diffracted power. 
Trace A is for a sample of material B in Table 1. Other traces 
are for the same sample material, treated to induce crystal 
growth by the following heat treatments: 80 rain. at 900 ° F. 
for trace B, 15 min. at 1500 ° F. for C, and 2 hr. at 1500 ° F. 
for D. X-ray wave-length = 1.93 A. 
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Fig. 2. X-ray spectrometer traces of the (110) line of ~on, 
illustrating effects of powder coarseness and degree of com- 
paction on diffracted power. Trace A is for a free powder 
(B in Table 1), B is for a solid Armco iron block, traces C and 
D are respectively for coarse and very coarse sawdust of 
Armco iron (sample materials H and J in Table 1). X-ray 
wave-length --- 1.93 A. 

of X- rays  from coarse powders. More recent ly de 
Wolff  (1947) pointed out  t ha t  Brindley had  made  an 
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unjustified over-simplification which constitutes a weak 
point in his t reatment  of the problem. Although the 
physical considerations in de Wolff's approach to the 
problem are sound, the complexity of his mathematical 
development makes his theory rather difficult to apply. 
In  the present paper, a more comprehensive develop- 
ment, including several new facets of the problem, is 
formulated by means of a simplified theoretical 
approach. Also, results of a number of experiments 
devised to test the validity of this and other theories 
are presented. 

A B 

Fig. 3. A qualitative demonstration of the decrease in diffracted 
power due to powder coarseness. In A, part of the diffracted 
beam is absorbed by particle a so that the measured diffracted 
power P '  is less than the power P measured for the ideal 
powder in sketch B. 

Theory for a powder of a single substance 

Let the term ideal powder designate a powder with the 
following characteristics: (1) the crystals are small 
enough so tha t  the effect of primary extinction is 
negligible; and (2) the particle size is sufficiently small 
so tha t  the powder can be considered homogeneous with 
respect to applying the simple law of absorption of 
X-rays in the sample. For a given Bragg reflection, the 
power diffracted from a non-ideal powder will be com- 
pared with tha t  from a similar sample of ideal powder. 
These power ratios are obtained experimentally as ratios 
of integrated intensities. 

For a plane sample in the conventional spectrometer 
arrangement (Friedman, 1945), the integrated intensity, 
P0, for an ideal powder of a single substance can be 
easily obtained with reference to Fig. 4. Let A be the 
cross-section area of the X-ray beam and dx the thick- 
ness of an elemental slab. The elemental volume d V is 
then (A/sin 8) dx and the contribution to the integrated 
intensity corresponding to the Bragg angle 8 is 

dPo=vlQ{exp(-2v/~x/sinS)}(A/sinS)dx, (1) 

where I is the average intensity of the incident beam 
over the cross-sectional area, Q is the integrated inten- 
sity per unit volume of solid material (not including 
absorption) per unit intensity of primary beam, # is the 
linear absorption coefficient of the solid material, and v 
is the fraction of the volume occupied by solid material. 
Unless otherwise stated, it will be assumed tha t  no 
binder is employed, so that  ( l - v )  is the fractional 
volume occupied by voids. For a sample thick enough 
to be considered opaque, the value P0 is obtained by 

integrating the right-hand side of (1) between the limits 
zero and infinity, the result being 

Po=AIQ/(2#). (2) 

For a non-ideal sample, let us first consider the 
laminar model in Fig. 5. The particles of thickness 
Y sin 8 are subdivided into crystal plates of thickness 
T sin 8, and the lengths and breadths of the particles 
and crystals are large compared with Y and T, re- 
spectively. Also the particles and crystal have random 
sizes, shapes and orientations, within the limits allowed 
by the foregoing restrictions. For this geometry, which 
differs somewhat from Sch/~fer's cubical arrangement 
(Sch/~fer, 1933), a rather rigorous t reatment  can be 
given. With slight modification, the equations de- 
veloped for this hypothetical case become approximate 
solutions for other shapes. 

,~dx 

Fig. 4. Diffraction of X-rays from a fiat powder block 
in a symmetrical position. 

Fig. 5. Laminar model, in which fiat particles of thickness 
Y sin 0 are further subdivided into crystal laminae of thick- 
ness T sin 8. 

In a crystal layer of this laminar model, two types 
of crystals must be considered--reflecting and non- 
reflecting. Owing to the phenomenon of primary ex- 
tinction in the reflecting crystals, the attenuation of the 
incident and reflected beams is greater in these regions 
than in the non-reflecting crystals which obey the 
ordinary absorption law. Let p be the integrated in- 
tensi ty for a crystal layer considered by itself. The 
average diffraction for an elemental slab dx can then be 
written 

dp=vIQ{exp ( -  2ex/sin 0)} (A/sin 8)dx, (3) 

where e is an effective attenuation coe~cient which can 
be considered as the sum of the ordinary absorption 
coefficient and a term due to primary extinction. In- 
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tegration of (3) between the limits x = 0 and x = T sin 0 
gives 

{1 - exp ( - 2eT)}, (4) p = v P  o 

the group IQA having been eliminated by (2). 
Let P~nn be the contribution to the integrated in- 

tensity from the ruth crystal layer located in the nth 
particle layer of the sample. Then 

Pmn=p x (absorption factor due to the ( m - 1 )  over- 
lying crystal layers within the particle layer)x 
(absorption factor due to ( n -  1) overlying particle 
layers). (5) 

Hence, the integrated intensity, P, for an opaque 
sample is 

¢o M 

P= Z Z Pmn, (6) 
n = l  m--1  

where M is the number of crystal layers in a particle 
layer. 

In determining the absorption due to ( m -  1) crystal 
layers above the reference layer, the effect of secondary 
extinction can be considered negligible (Compton & 
Allison, 1946, chap. 6; Havinghurst, 1926). Hence, 
using the ordinary absorption law, the absorption 
factor for the ( m -  1) overlying crystal layers is 

e x p { - 2 ( m -  1) #T). (7) 

Finally, the absorption factor for the (n-- 1) particle 
layers can be obtained in a statistical manner. In 
traversing one particle layer at a grazing angle of in- 
cidence 0, the beam is attenuated by the factor 

vexp ( - /~  Y) + v  0, (8) 

where v 0 = 1 - v is the fraction of the volume occupied by 
voids. In general, the absorption path of a diffracted 
ray is independent of that  for the associated incident 
ray so that  the absorption factor for a single overlying 
layer due to the two traversals involved is 

{v exp ( - #  Y) + v0} ~, (9) 

and for ( n -  1) layers the required absorption factor is 

{v exp ( - # Y) + v0} ~m-1). (10) 

However, in the case of exact back reflection (0 = 90°), 
the paths of the incident and diffracted rays are coin- 
cident, leading to the adsorption factor 

{v exp ( - 2/~ Y) + vo} n-1 (11) 

for ( n -  1) overlying particle layers, the quantity within 
the bracket being the absorption factor for the incident 
and diffracted rays for a single layer. Although dif- 
fraction very close to ~ = 90 ° is rarely realized in practice, 
a consideration of the integrated intensity at this limit 
can be made with very little additional effort and will 
result in a more complete t reatment  of the problem. 

The values given by (4), (7) and (10), along with the 

additional relationship M T =  Y, upon being inserted 
into (5) and (6) lead to the expression 

p M 

~ - - = ~ { 1 - e x p ( - 2 e T ) } x  ~] e x p { - 2 ( m - 1 ) # T }  
P 0  e m = t  

oo  

× Z {vexp ( - # Y )  +V0} 2(n-l) 
n = l  

[ ~  1--exp ( - 2 e T ) ]  F l + e x p  ( - # Y )  ] 
= 1 - e x p ( : 2 - F ) J  L2-  i 

(12) 
I t  can be easily verified tha t  this equation is in agree- 

ment with the diffraction behavior illustrated in Figs. 1 
and 2, i.e. the integrated intensity decreases with in- 
creasing crystal and particle sizea, and the diffraction 
from a solid block is equivalent to tha t  from a fine 
powder, each having the same crystal size. Also, 
equation (12) is consistent with the definition of an ideal 
powder in that  P ->  P0 as T -~ 0 and Y-> 0. 

Before discussing the theoretical results more quanti- 
tatively, application of (12) to actual powders will be 
considered. For convenience, the first square bracket 
in (12), associated with the crystal size, will be referred 
to as the crystal factor; similarly, the second square 
bracket will be referred to as the particle factor. Let us 
first consider the effect of particle size in an actual 
sample consisting of particles having a measured 
diameter D. In diffracting from a subsurface particle, 
the incident and diffracted rays pass through regions 
of solid material and voids arranged in a somewhat 
random manner. This condition is similar to that  in the 
laminar model and would lead one to expect a particle 
factor to be operative. Provided that  this particle 
factor does not exceed the lower limit given by tha t  for 
the laminar model having the same value of v, there is 
a value of Y in (12) which corresponds to D in the actual 
sample. The problem then reduces to finding a relation- 
ship between Y and D. 

To a first approximation Y--§D based on the fact 
that  the average path length through a sphere is two- 
thirds the diameter. A more accurate relationship can 
be expressed Y = ~D(1 + a), (13) 

where a is a constant tha t  can be determined experi- 
mentally. Similarly, in considering the crystal factor, 
the transformation to actual samples can be made 
through the relation 

T=§L(I  + fl), (14) 

where L is the measured crystal diameter and/?  is an 
empirical corrective term. Thus, for a sample of a single 
substance consisting of particles of diameter D and 
crystals of diameter L, 

P [~  1 - e x p { - ~ e i ( l + f l ) } ]  
P-~= 1 - exp { ~ q - - ~ J  

r 1 + e x p { - ~ / ~ D ( l + a ) }  ] (15) x ¥ 

I - 2  
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The curves in Figs. 6 and 7 illustrate the behavior of 
(15) with respect to the various parameters. Denoting 
by subscripts the algebraic conditions imposed on (15), 
the particle factor can be designated (PIPe)L--. o and 
the crystal factor (P/Po)D--.o" In Fig. 6, (P/Po)L--,o is 
plotted versus #D(1 + a )  for various values of v. In 
general, (PIPe)L-+ o decreases with increasing #D(1 + a) 
and decreasing v; however, limiting minimum values are 
obtained for each value of either of these parameters. 
The lowest value of (P/Po)L--,o is 0.5, occurring for a 
very loosely packed coarse powder. 
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Fig. 6. Dependence of diffracted power on particle size and  
absorpt ion coefficient for various degrees of compact ion  in 
a powder  of a single substance. 

The crystal factor could probably be discussed most 
effectively in terms of specific cases. For this purpose it 
is necessary to have values of e. These can be approxi- 
mated by e=#e +#, (16) 

where/4 is Darwin's approximation (Darwin, 1914) for 
the primary extinction coe~cient. The presence of # in 
(16) is justified on the basis that  in the derivation of F~, 
the ordinary absorption coefficient had been left out of 
consideration in order to simplify the mathematical 
development. The equation for evaluat ing/4 is 

31r_ /V 09 l+c°s~20  (17) 
/4 = - ~  AF mc 2 1 + cos 20 ' 

where h is the X-ray wave-length, F the structure 
factor, h r the number of unit cells per unit volume, e the 
electronic charge in electrostatic units, m the electronic 

• mass, and c the speed of light. For purposes of this dis- 
cussion the values of e given by (16) will be considered 
sufficiently accurate.* 

In Fig. 7 the crystal factor is shown plotted against 
FL(1 +fl) for the following values of e/#: 2.8 for tungsten 

* Using available data,  equat ion (16) was applied to the 
case of  a single crystal of calcite. Le t t ing  e" be the  exact  value 
of the  desired a t t enua t ion  coefficient according to Prins '  (1930) 
refined theory  which takes ordinary absorpt ion into account,  
the ratio e/e' was computed  to be 1.03 for A=0.71 A., 1.08 for 
A--1 .54A. ,  and  1-03 for A--2"29 A., the  last ratio being 
evaluated for a wavelength near  the  K critical absorpt ion edge 
of calcium. 

diffracting F e K ~  radiation from the (110) planes; 8-0 
for iron, F e K ~  radiation, (110) planes; and 70.5 for 
calcite, Me Ka  radiation, (100) planes. I t  can be seen 
in this figure tha t  for a given FL(1 +/?) the crystal factor 
decreases with increasing e/F. A serious departure from 
the ideal value can occur even for crystals that  do not 
ordinarily show 'speckling' in a powder pattern. For 
instance, the curves indicate that  a 20 % decrease in 
integrated intensity occurs for crystal of approximately 
3.3 x 10-5; 8.7 x 10 -5 and 19 x 10 -5 cm. for the tungsten, 
iron and calcite respectively. 
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Fig, 7. Diffracted power as a function of crystal size, 
absorpt ion coefficient, and  elF. 

In deriving the non-ideal powder diffraction equation 
for the special case of 0 = 9 0  °, equation (11) must  be 
used instead of (10) for the absorption factor due to 
( n -  1) overlying particle layers. Carrying the develop- 
ment through the transformation to an actual sample, 
one obtains 

(p~) =_/t 1 - exp { -  ~-eL(1 +,8)} (18) 
o=90 ° e 1 - e x p { - ~ F L ( l + / ? ) } "  

I t  is interesting to note tha t  (18) is independent of 
particle size, but  consists only of a crystal factor 
identical to that  in (15). 

For samples prepared with a binder, the absorption 
due to binder material can usually be taken into account. 
I f  the space between the particles is completely filled 
with a binder of linear absorption coefficient #b, then v o 
in (8) should be replaced by vb exp ( - / 4  Y), where v b is 
the fractional volume occupied by the binder. Making 
this change leads to the result 

P l-exp{-i L(l+B)} 
P0 e 

v(1 - e x p { - ~ # D ( 1  +a)}) 
× 

1 -- [v exp {-- ~FD(1 +a)} + Vb exp (-- ~/4D(1 +a))]  ~" 
(19) 

Theory for mixed powder 
The theory can be extended to powders of two or more 
components by following the same general procedure 
as was used for a single substance. In the laminar 
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model, let a particle be built up of grains, each grain 
containing only one component. In turn, the grains are 
built up of crystals. Denoting quantities pertaining to 
the ith component by the subscript i, the contribution 
to Pi  from the ruth crystal layer located in the gth grain 
layer in the nth particle layer is 

Pingm =/o~ x (absorption factor for the ( m -  1) overlying 
crystal layers in the grain of the ith 
component) 

x (absorption factor for ( g -  1) overlying grain 
layers in the particle) 

x (absorption factor for ( n - 1 )  
particle layers). (20) 

The integrated intensity for a line of the i th com- 
ponent is then 

G M 

Pi = ~ • E Pingm, (21) 
n = l  g = l  m = l  

where G is the number of grain layers in a particle. The 
values of the factors in (20), in terms of the laminar 
model, are 

_p  v #i Pi- oi i~{1-exp(-2eiTi)}, (22) 

absorption factor for ( m - 1 )  crystal layers 
= e x p { - 2 ( m -  1)#iTi}, (23) 

absorption factor for (g--1) grain layers 

{ ~ e x p  /9(g-z) 
= ( - ~ 8 1  / , 

absorption factor for ( n - 1 )  particle layers 

(Ee ? , " ' - "  
= v -~exp(-,u~S) +Vo] , 

(24) 

(25)  

where Poi is the integrated intensity for an ideal powder 
of only the ith component, S sin 0 is the thickness of 
a grain layer and v~- is the volume fraction of the sample 
occupied by the j t h  component. Using these values in 
(20), the summation in (21) can be easily carried out. 
The integrated intensity for the laminar model thus ob- 
tained can be applied to typical powders by the general 
procedure employed for a single substance. Letting 

S= ~Z(I +7), (26) 
where Z is the grain diameter and y is a corrective term, 
the equation for the integrated intensity for the i th 
component can be expressed 

P' E~-~ ~E; : l - e x p { - - ~ Q L ' ( l + f l ~ ) } 7  
Pc, = X - e x p { ~ ~ J  

fi 1 -- exp {-~#~Z(1 + Y)} ] 
X . . . . . . . . .  2 

V-~il-(~i ~exp{-~#~Z(l+y)}) ] 

x[v v. D 9.0 

v D o ~ ' 
_ 

(27) 

where f i -  ~ vj#~ is the average linear absorption coeffi- 
t 

cient for the sample. In  the form written, (27) has a 
simple physical interpretation in terms of the four main 
factors. The first square bracket is the value of Pi/Poi 
for an ideal mixed powder. The second bracket can 
be recognized as a crystal factor of the same form as in 
(15). The third square bracket is a grain factor whose 
value approaches unity as the grain size approaches 
zero. The last square bracket is a particle factor, de- 
pendent to some extent on the grain size. As the grain 
size approaches zero, this factor assumes the same form 
as the particle factor for a single substance. Hence, for 
an ideal powder (D, Z and L--> 0), equation (27) reduces 
to the first factor. 

The behavior of (27) is illustrated in Figs. 8-11 for 
an iron-tungsten system diffracting Fe Ka  X-radiation. 
The values a =/? = 7 = 0 were used in all these curves. 
In  Fig. 8, the effect of crystal size in the binary mixture 
is shown for small particle and grain sizes. The curves 
for L->0  represent the values for an ideal powder. 
Since the crystal factor for any component is indepen- 
dent of the other components, any curve for tungsten 
in Fig. 8 can be considered with any of the curves for 
iron. The effects of particle size, grain size and degree 
of compaction are illustrated in Figs. 9, 10 and 11 
respectively. In these figures, the grain and particle 
sizes for iron are the same as those for tungsten, hence 
the curves should be considered in associated pairs. This 
assortment of examples serves to illustrate the large 
modifications in integrated intensities that  can arise 
from the state of subdivision of the materials in a 
mixture. 

For the special case of 0 = 90 °, the integrated intensity 
for a component in the mixture is 

g ..... ] × 

j V j 

[ 
L \ j  v 

(28)  

In contrast with equation (18) for a single substance, 
equation (28) for a mixed powder is not independent of 
particle size, except for Z-+O, i.e. G-> oo . 

Comparison of experiment with theory 
Experiments to test the theoretical equations for the 
effects of particle size, degree of compaction, and 
crystal size, in a powder consisting of a single substance, 
were carried out on specially prepared samples of iron 
powder. For the case of mixed powders, a tungsten-iron 
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mixture  was used to tes t  the  particle-size effect. These 
experiments  will be discussed in some detail  af ter  a few 
prel iminary remarks  are made  about  the general  experi- 
menta l  procedure. 

In tegra ted  intensi ty  values were measured for flat 
rota t ing samples with a Norelco Geiger counter X - r a y  
spectrometer  using an i ron-target  tube. The (110) line 
of iron (or tungsten)  was scanned at  the  ra te  of 0.25 ° 
in 20 per min. Then P is proport ional  to the  tota l  

1.0 I I I.........4- "--'- '- 

.,,.%.-~ . L r ~ O o o / ' ~ _ - - - - .  

io.+- / 7 "  / +-- 

h 
(~4 7/  v~ t...¢¢o / ?Z-_. 

r/ ~ ," ,'%1 

0"2 " ~ -  .,,%." ,(/,,~ - t  
i ¢,..x.->~ ~" x; - -  

0"2 0"4 0"6 0'8 1 "0 
v,/v, fractional volume of solid 
occupied by ith component 

Fig. 8. Effect of crystal size on power diffracted from a binary 
mixture of iron and tungsten. Curves are for the (110) 
reflections, Fe Ka radiation. 
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Fig. 9. Effect of particle size on power diffracted from an iron- 
tungsten mixture. Both components have the same particle 
size, and v=0.5 except where indicated otherwise. Fe Ka 
radiation is considered. 

number  of quan ta  counted during the  scan, minus the 
background count. For  a powder of a single substance 
consisting of fine particles, and crystals smaller t han  
1000A., the  probable error in precision for a single 
measurement  of P was found to be less t han  +_ 0.01P. 
I n  most  cases, two or more power measurements  were 
made  for each sample. The number  of determinat ions 
were generally too few for formal statist ical  t r ea tment ;  
however,  the  precision can be judged from the fact  t ha t  
the  deviations (regardless of sign) from the mean  were 
less t h a n  0-03P in all cases and less t han  0.01P for the 
major i ty  of the  cases. The precision in determining 
P/Po is thus  sufficient for detecting the predicted effects. 

Samples used for investigating the  effect of part icle 
size in a single substance and in a mix ture  were 
prepared with a very  small amoun t  of binder. The 
fract ion of the  radiat ion absorbed by  the  binder 
between the particles was est imated to be very  slight--- 
of the order of 0.001. A reliable value of v for the  
port ion of a sample (near the surface) f rom which 
most  of the  diffraction occurs is not  easy to determine.  
For  use with these samples, an approximate  value of 
v=0"36  was obtained from measurements  on packed 
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0 0-2 0-4 0"6 08  1 
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Fig. 10. Effect of grain size on power diffracted from an iron- 
tungsten mixture. Grain size is the same for both com- 
ponents, and Fo Ka radiation is considered. 
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Fig. 11. Effect of degree of compaction on power diffracted 
from an iron-tungsten mixture. The absorption effects wore 
evaluated for Fo Ka radiation. 

iron powder;  an a t t e m p t  was made  to achieve the 
same degree of compaction as in sample preparat ion.  

Crystal  diameters,  assuming spherical crystals of 
uniform size, were measured by  Pa t te r son ' s  (1936) 

equation,  L -  1. I,~/(B cos 0). (29) 

The quan t i ty  B is the  line broadening a t t r ibu tab le  to 
crystal  size and was determined from the measured line 
breadth  Bm for the sample by  

B 2 _  2 2 -Bm-Bo,  (30) 

B o being the line breadth  for a sample in which the  
crystals are sufficiently large so t ha t  crystal-size line 
broadening is negligible (Warren,  1938 a).  
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Par t i c le  d i ame te r s  were m e a s u r e d  wi th  t h e  a id  of  a 
microscope.  I n  order  to  m a k e  use of  t he  e q u a t i o n  
de r ived  for powders  consis t ing of par t ic les  of  un i fo rm 
size, an  effect ive d iamete r ,  D, was ob t a ined  by  means  of  

t he  ave rage  D=ZD3n/ZD2n, (31) 

where Dn is the diameter of the nth particle.* 
The linear absorption coefficients used (573 em. -1 for 

Fe and 6170 cm. -1 for W) are based on values in the 
International Tables... (1944, vol. 2), and e (4570 cm. -z 
for Fe) was computed by equations (16) and (17). 

Effect of particle size; single substance 
Descr ip t ion  of the  sample  mater ia l s  used  in this  and  in 

fol lowing expe r imen t s  are g iven  in  Table  1, and  part icle-  
size d i s t r ibu t ions  are shown  as cumula t ive  plots  in 
Fig. 12. 

Table  1. Descriptions of sample materials 
D, average 

particle 
diameter 

(cm.) 
4.9 x I 0  - 4  

Designation Source of material, preparation, etc. 
A Carbonyl iron from General Aniline 

Works. GAF Type C 
B Carbonyl iron from General Aniline 7.3 

Works. GAW Type C 
C Baker's iron powder by hydrogen. 23.5 

As received, all the powder passed 
through No. 325 standard sieve 
(0.0044 cm.). Particle size analysis 
by weight: 7% material D, 21% 
E and 72 % F 

D Nominal 0 to 0.0010 cm. cut of C, 10.8 
obtained by air elutriation 

E Nominal 0.0010 to 0.0020 cm. cut 14-2 
of C 

F Nominal 0.0020 to 0-0044 cm. cut 33"9 
of C 

G Iron microspheres, prepared by 20"7 
spraying molten metal. Reduced 
in hydrogen atmosphere 

H Armco iron, sawdust prepared from 56.2 
a solid metal casting. Sifted 
through No. 200 sieve and remain- 
ing on No. 325 sieve 

I Armco iron sawdust, through No. 79t 
180 and on No. 200 sieves 

J Armco iron sawdust, on No. 100 290 
sieve 

K Tungsten powder by hydrogen re- 5-4 
duction, from North American 
Philips 

t Average of the nominal openings for the two sieves used. 

E x p e r i m e n t a l  and  theore t ica l  results  for t he  effect of  
par t ic le  size on i n t eg ra t ed  in t ens i t y  are compared  in 
Table  2. Ten ta t i ve ly ,  t he  values a = / ? = 0  were con- 

* The choice of this average was based on the following 
considerations. Values of P/Po were computed directly for a 
number of two-sized particle distributions in laminar models 
for which # Yn ~ 2, the size ratio of large to small particles is 
between 1 and 5, and v=0.36 and 0.50. These power ratios 
were compared with the values obtained by using equation (12) 
in which Y was computed by averages of the form ZY~/Z YZn-1, 
where x= 1, 2, 3 and 4. Results for x=3  were generally most 
satisfactory; the values of P/Po thus obtained departed from 
the directly computed values by less than 3 % in all the cases. 

sidered in equation (15). Slight corrections for crystal 
size were made to the measured relative integrated 
intensities, and the corrected value for sample B was 
adjusted to coincide with its theoretical value of 
(P/Po)L~O" The  r ema in ing  i n t e g r a t e d  in tens i t ies  (cor- 
r ec ted  for crysta l  size) were t h e n  scaled re la t ive  to  t h a t  
of  sample  B; these  are t he  e x p e r i m e n t a l  va lues  of  

(P/Po)L-->o ill Table  2. 

~ 0.4 

~ 0 4  
o 

o , I I I1 ,1  I , I ,  I , I  
1 2 4 6 8 10 2.0 40 50 80100 2.00 400 6008001000 

D., part icle d iameter  (mJcrofl$) 

Fig. 12. Cumulative particle-size plots, obtained by microscope 
count. Letters correspond to samples in Table 1. 

I I 
1"0 

0"8 ~ ~ , . _  
0'6 
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I I , I 
0 S 10 15 

FD 
Fig. 13. Comparison of experiment with several theories for 

the effect of powder coarseness on the power diffracted 
from a sample of a single substance. The points are experi- 
mental; curve I (no effect) is according to Brindley's theory; 
curve II is for the present theory; curve III  is for the 
theoretical equation derived by de Wolff. 

Table  2. Particle-size effect; single substance. 
Comparison of experiment with theory for iron powders 

]?or all samples v =0.36 (estimate) 
Relative 

into- (P/Po)r-->o 
Sample grated , "~,, 

material intensity #D L (A.) Exp. Theor. 
A 0.99 0.28 1200 0.92 0.94 
B 1.00 0.43 825 0.92 0.92 
E 0.93 0.81 430 0.86 0.85 
C 0.89 1.35 490 0.82 0.79 
F 0-80 1.98 490 0.73 0.73 
H 0.75 3.22 360 0-69 0.66 
I 0.65 4.30 420 0.60 0.63 
J 0.66 16.6 490 0.61 0.61 

In  Fig. 13, graphica l  compar i sons  are m a d e  of t he  
e x p e r i m e n t a l  results  wi th  several  theories .  Br ind ley ' s  
theory ,  p red ic t ing  in t eg ra t ed  in t ens i ty  i n d e p e n d e n t  of  
par t ic le  size, is def ini te ly  no t  in accord wi th  t he  data .  
The  curve for de  Wolff 's  t heo ry  was cons t ruc ted  f rom 
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the appropriate equation in his paper. In the present 
notation, this equation is 

P/Po=exp{-½#(~D) (1-v)~}. (32) 
For values of/zD < 2, this equation fits the experimental 
data very well, but predicts too low values for larger 
/~D. The present theory fits the experimental points 
throughout the entire range of #D tested, indicating 
that  the form of the particle factor is essentially correct 
and that  a = 0 is a satisfactory choice for these samples. 
The data also indicate that  the effective average particle 
size given by (31) gives satisfactory results, even in the 
case of a rather wide particle size distribution such as 
found in sample material C. 

Effect of degree of compaction; single substance 
A variation in the degree of compaction was obtained 

by varying the proportion of the components in a sus- 
pension of iron in bees wax. A portion of iron micro- 
spheres (material G in Table 1) was completely im- 
mersed in about its own volume of molten wax. As the 
mixture cooled to a state of high viscosity, settling of 
the iron was prevented by stirring. Because of thb 
spherical form of the particles, the sample was free from 
preferred orientation. The integrated intensity, PI ,  for 
this sample was measured in arbitrary units. For a 
similar sample, with about three times as much wax 
as iron, the integrated intensity PII  was measured. 
Equation (19), with a - 0 ,  was used for obtaining the 
theoretical ratio PH/PI. Results of this study are sum- 
marized in Table 3. Agreement between the theoretical 
ratio 0.87 and the experimental ratio 0.85 is considered 
very satisfactory. However, it is of interest to note that  
ff the theory for ideal powders were used instead of 
equation (19), the calculated ratio turns out to be 0.96, 
definitely not in agreement with the experiment. 

Table 3. Effect of degree of compaction in a single 
substance. Comparison of experiment with theory 
Material: powder G, Table 1; ~D = 1.19 
Composition of wax: 80.2% C, 6"3% O, 13.5% H 
Density of wax: 0.96 g.cm. -a 
Linear absorption coefficient of wax = 9.84 cm.-1 
Sample I:  vFe = 0.478, vwa x = 0"552 
Sample II: VFe = 0"232, V~a, = 0"768 
Experimental Pn/PI = 0.85 
Theoretical Pn/P, = 0.87 

Particle.size effect in mixed powder 
The effect of particle size was investigated for a simple 

iron-tungsten mixture in which the particle size in both 

components was approximately the same. Integrated 
intensities PFemix. ~nd Pwmix. for the components in 
the mixture were compared respectively with the inte- 
grated intensities PFe alone and Pw alone for samples of 
these components by themselves. Corresponding theor- 
etical values were obtained by equations (27) and (15). 
The agreement between theoretical and experimental 
values of Pi mix./Pi alone is rather good. If, however, the 
mixture were treated as an ideal powder, the computed 
values are 0.096 for iron and 0.904 for tungsten. These 
values differ substantially from the respective experi- 
mental ratios 0.22 and 0.74, and serve to emphasize 
that  the particle-size effect may be serious even for 
apparently flue powders, the particle size being only 
five microns in this case. 

Table 4. Particle-size effect; mixed powder. Cam. 
parison of experiment with theory 

All samples: v = 0.36 (estimate) 
Iron: powder A, Table 1; ~DFe=0"28 
Tungsten: powder K, Table 1; tzDw----- 3.27 
Mixture: v~e=0"192, Vw=0"168, D~5.1 x 10 -4 era. 

~DFe= 0"29, ~Dw= 3.14 
P F o  mix.  
PFealono = 0"22, exper imental  

= 0.22, theoretical 
Pw~,. = 0.74, experimental 
~:)W alone 

= 0"75, theoretical 

Effect of crystal size 
Samples were prepared from iron powder B, Table 1, 

and heated at elevated temperatures to induce various 
degrees of crystal growth. I t  was found convenient to 
prepare each sample by pressing the powder into a 
shallow well machined in an iron plate whose dimensions 
in inches are roughly 1 × ~ × J~. The fiat powder block 
could then be heat-treated without disturbing the 
arrangement of the particles. Several such samples were 
made up and treated in a hydrogen atmosphere for the 
durations and approximate temperatures given in 
Table 5. 

From line-broadening measurements, the crystal 
sizes were computed and the crystal factors calculated 
therefrom by (15). The value of the integrated intensity 
for the untreated sample was then adjusted to equal the 
value computed from line-broadening measurements. 
Integrated intensities for the other samples were then 
measured relative to this adjusted value for the 

Table 5. Effect of crystal size in iron powder 
Quant i t ies  from 

Relative Line breadth (o) 
integrated r ~' , 

Heat treatment of sample intensity B~ B 0 
Untreated 1.00 0.267 0.230 
40 min.  at  900 ° F .  0.98 0.260 0.235 
I0 min. at 1000 ° F. 0.97 0.275 0.240 
60 min.  at  900 ° F.  0.88 0.263 0.238 
80 min. at  900 ° F. 0"79 0.250 0.225 
15 min. at 1500 ° F. 0.65 0.237 0.230 
2 hr. at 1500 ° F.  0.50 0"230 0.230 

power measurements  
Quantities from line- 

broadening measurements  
)~,. k., 

• t' % 

(PIPo)o_+o L (A.) (PlPo)o-~o L (A.) 
0.97 825 0.97 825 
0.95 1,600 0.96 1,240 
0.94 1,700 0.96 1,030 
0.86 6,000 0.93 1,600 
0.77 10,000 0-93 1,600 
0.64 20,000 0"92 2,500 
0.49 33,000 - -  - -  
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untreated sample; these are the measured values of 
(P/Po)D~ o. Values of crystal size were also computed 
from the measured crystal factors. These data are sum- 
marized in Table 5. I t  will be observed that,  qualita- 
tively, the expected trend obtains, i.e. with increasing 
severity of heat treatment,  the crystal size increases 
and the diffracted power decreases. However, wherever 
a comparison could be made, the measured values of 
diffracted power are seen to be consistently smaller than 
the corresponding values computed from crystal-size 
measurements. Since the equations involved have been 
derived for crystals of uniform size, it might be sus- 
pected that  the cause for the discrepancy might be due 
to a non-adherence to this requirement of crystal-size 
uniformity. Indeed, the nature of the discrepancy is 
such tha t  it can be accounted for on the basis of the 
presence of crystal-size distributions. For instance, if a 
diffraction peak is approximated by a Gaussian error 
curve (Warren, 1938b), then, under the experimental 
conditions employed, a mixture by weight of 4 % of 
600 A., 89 % of 1240 A., and 7 % of 5000 A. crystals will 
produce a line broadening corresponding to a crystal 
size 1240 A., and will have a value 0.95 for (P/Po)Doo; 
these are the experimental values for the sample treated 
40 min. at  900 ° F. Furthermore, it can be shown that  
under the experimental conditions employed, this 
simple mixture will also give the same peak height and 
will approximate the shape of the observed curve rather  
well. The other cases can be similarly reconciled by appro- 
priately chosen crystal-size distributions. Although the 
observed results can thus be rationalized, the present 
experiment is somewhat inconclusive owing to the lack 
of accurate information on the crystal-size distri- 
butions. 

Discussion and conclusions 

In cases where favorable experimental conditions were 
realized, the theory presented was satisfactorily con- 
firmed. Although further experimental tests are desir- 
able, the results so far indicate that  the theory can be 
useful in the accurate measurement of integrated inten- 
sities. For instance, it can be used to ascertain whether, 
within ~he allowable experimental error, a sample can 
be treated as an ideal or non-ideal powder. In the lat ter  

case the theory can be helpful in evaluating the dif- 
fraction results. These considerations can be significant 
even for powders tha t  might not ordinarily be con- 
sidered coarse with respect to crystal, grain, or particle 
size. 

The fact that  the state of subdivision of the sample 
material can modify the magnitude of the diffracted 
power suggests that  power measurements might be used 
in special eases to determine effective average sizes of 
crystals, grains and particles. I t  will be observed that  
in the case of iron and tungsten, the suggested power- 
measurement method for determining crystal size begins 
to become sensitive at approximately the upper limit of 
practicability of the line-broadening method, the useful 
range for the power method being about 10 -5 to 10 -a cm. 

Although the discussion was concerned chiefly with 
crystalline powders, the results are also applicable in 
part  to solid blocks of polycrystalline materials and to 
amorphous powders. 

The writer is pleased to express his appreciation to 
Mr J. S. McIlhenny for the determinations of the 
particle-size distributions by microscope count. 
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